We investigate the quantum null energy condition (QNEC) in holographic CFTs, focusing on half-spaces and particular classes of states. We present direct, and in certain cases nonperturbative, calculations for both the diagonal and offdiagonal variational derivatives of entanglement entropy. In d ≥ 3, we find that the QNEC is saturated. We compute relations between the off-diagonal variation of entanglement, boundary relative entropy, and the bulk stress tensor. Strong subadditivity then leads to energy conditions in the bulk. In d = 2, we find that the QNEC is in general not saturated when the Ryu-Takayanagi surface intersects bulk matter. Moreover, when bulk matter is present the QNEC can imply new bulk energy conditions. For a simple class of states, we derive an example that is stronger than the bulk averaged null energy condition and reduces to it in certain limits.
Introduction and summary
In relativistic QFTs, the quantum null energy condition (QNEC) provides a striking connection between energy and entanglement. First proposed in [1] , the QNEC states that at any point p, the expectation value of the null-null component of the stress tensor, in any state, is bounded from below by a certain derivative (defined below) of entanglement entropy:
Proofs of this statement currently exist for free and superrenormalizable theories [2] , holographic theories [3] , and completely general interacting theories in d ≥ 3 spacetime dimensions [4] , all of which have established the QNEC as a fascinating new energy condition in QFT. 1 In this note, we study the QNEC for some simple holographic states, focusing on relationships between bulk matter and boundary entanglement.
The right-hand side of (1.1) is defined as follows. With the point p lying on some Cauchy surface, consider an entangling cut that runs through p and divides space into two regions. Then S is the von Neumann entropy associated with this division. In particular, describing the entangling cut using embedding functions x µ (y), for some internal coordinate y, the entropy is a functional S = S[x µ (y)]. The second variation of S in the null direction will have both a diagonal and off-diagonal piece, δ 2 S δx − (y)δx − (y ′ ) = S ′′ (y)δ(y − y ′ ) + S od (y, y ′ ), (1.2) where "od" stands for "off-diagonal". What appears in (1.1) is the diagonal piece S ′′ .
One goal of this work is to study S ′′ and S od in simple holographic settings, where these quantities can be computed explicitly (to leading order in N) using the RyuTakayanagi (RT) prescription, and to draw lessons from the concrete calculations. In d ≥ 3 spacetime dimensions, we focus on two classes of CFT states: (i) nonperturbative states described by the restricted metric
where (x ± , y) are boundary coordinates, z is the bulk coordinate, and h −− is arbitrary (this includes the important example of shockwaves); and (ii) perturbative states described by the general metric
with h µν small. For both of these classes of states, with a half-space entangling cut, we obtain S ′′ = 2π T −− (1.5)
S od ( y 1 , y 2 ) = −2π dzd y z d−1 g(z, y; y 1 )g(z, y; y 2 )T bulk −− , (1.6) where g(z, y; y ′ ) is the Green's function defined in (3.8).
These results allow us to draw the following conclusions in d ≥ 3 for the nonperturbative h −− states in (1.3) and the perturbative h µν states in (1.4):
1. The QNEC is saturated (eq. 1.5). 2. Strong subadditivity (SSA) implies energy conditions in the bulk. In particular it is known that SSA implies S od ≤ 0 [1] . This immediately puts a sign constraint on the integral of the bulk stress tensor appearing on the right-hand side of (1.6).
Moreover, for the states (1.3), we will show that the full implication is actually the boundary null energy condition. That is, the states (1.3) satisfy T −− ≥ 0 on the boundary.
3. Boundary relative entropy is related to S od and can also be written as an integral of
. We note that the first law of entanglement [10] , δS = δ K where K is the modular Hamiltonian, holds for linear perturbations of the density matrix.
At this order, S od and relative entropy vanish. From (1.6), we see explicitly that metric perturbations induced by bulk matter generally correspond to second-order density-matrix perturbations on the boundary.
We also consider d = 2 spacetime dimensions. In 2d, there is no notion of S od , since there is no y-direction. It has been proven within holography that the 2d QNEC takes a stronger form [3] ,
where c is the central charge. We show that:
4. The QNEC is saturated in holographic CFT 2 for any boundary interval in any state with a geometric dual if the corresponding RT surface does not intersect bulk matter.
5. The 2d QNEC is generally unsaturated when the RT surface passes through bulk matter. This is a stark difference from the higher dimensional case detailed above, where saturation occurs even in presence of bulk matter. In particular, for perturbative states of the form (1.3) we find
where the integral is along a bulk geodesic. For these states the 2d QNEC implies the energy condition (4.25) on the bulk stress tensor, which is weaker than the null energy condition but stronger than the averaged null energy condition. This energy condition is different from ones derived using strong subadditivity, e.g., [11, 12] .
Note: While this manuscript was in preparation, [13] 
Preliminaries
In quantum field theory, entanglement entropy is the von Neumann entropy associated with a region. Suppose we have a quantum system in state ρ and we divide the total system into two subsystems A andĀ; the total Hilbert space is a direct product of two spaces H tot = H A ⊗ HĀ. The reduced density matrix for the region A is obtained by tracing out degrees of freedom inside the subsystemĀ: ρ A = trĀ ρ. Given a reduced density matrix ρ A , we can define a global operator:
which is known as the modular Hamiltonian. In general, the modular Hamiltonian is a complicated state dependent non-local operator which contains all the information about the region A. The entanglement entropy which is defined as
measures the amount of information loss due to tracing out the regionĀ. Thus, the entanglement entropy depends both on the quantum state of the system and the entangling surface.
For CFTs that are dual to Einstein gravity, a precise prescription for computing entanglement entropy was proposed in [15] and later generalized in [16] . According to the proposal, the entanglement entropy for a region A is given by 3) where
In this work we only consider coherent states in the bulk, such that S bulk = 0 (see [17] ).
minimal area surface in the bulk whose boundary is given by the boundary of the region A: ∂γ A = ∂A. The area of the surface γ A is denoted by Area (γ A ).
In this note, we focus on the case where the region A is a half-space. We denote coordinates on the d-dimensional boundary CFT as (x + , x − , y), where
The half-space is
Now we briefly review the concept of relative entropy. Letting ρ 0 denote the vacuum state of a system and ρ some other generic state, the relative entropy between ρ and ρ 0 is defined to be
is the vacuum modular Hamiltonian, ∆ K 0 = Tr (∆ρK 0 ), and
Relative entropy is a measure of the distinguishability of ρ and ρ 0 .
QNEC in d ≥ 3
In this section, we derive (1.5)-(1.6) for both the nonperturbative h −− states described by the metric (1.3) (sec 3.1) and the perturbative h µν states described by the metric (1.4) (sec 3.2), and then discuss the implications of these results (sec 3.3).
Nonperturbative h −− states
In this subsection we analyze the states of finite bulk gravitational shockwaves. In particular, we are interested in states with the following metric:
where h −− is not necessarily small. It satisfies the Einstein's equation:
and has a Fefferman-Graham expansion near the boundary of AdS,
Here T µν is the expectation value of the CFT stress tensor in the state dual to the geometry (3.1). An example of this kind of state is the planar delta function shockwave states studied in [18] which can be created by inserting heavy operators on the boundary.
We introduce coordinates X ± (z, y) to parametrize the RT surface. In pure AdS and for a half-space entangling cut, the RT surface has a simple profile:
Moreover, metric perturbations in the form (3.1) leaves this extremal surface invariant.
One can check this by deriving equations of motion from the RT action and then plugging in X ± (z, y) = 0.
The variation of S in (1.2) is a measure of how entanglement entropy changes as a result of null deformations to the entangling surface. We choose a region A to be a deformed half-space,
where δx − ( y) is a positive function. For infinitesimal δx − ( y), the corresponding deformation of the RT surface is also infinitesimal, and it is sufficient for us to expand the RT action perturbatively in δX ± (z, y). The linear order RT action vanishes, indicating that X ± (z, y) = 0 is indeed extremal in (3.1). The non-trivial contribution to the RT action appears at second order
where the indices a, b run over {z, y}. Note that we have not assumed h −− is small.
The equations of motion following from (3.5) are
with the boundary conditions δX + (z = 0, y) = 0 and δX
The solution for δX − is
where
coincides with the bulk to boundary propagator.
For δX + , it is convenient to write
such that H(z, y) satisfies the differential equation
with boundary condition H(0, y) = 0, and we used Einstein's equation for the second equality. The solution is
Note that
Substituting these solutions into the RT action and integrating by parts, we can write down the entanglement entropy as an integral on the boundary z = ǫ:
Recall that δX 
This completes our derivation for the h −− states. We see explicitly that the QNEC is saturated. We discuss this result further in sec (3.3).
Perturbative h µν states
Now, we outline the analogue calculation for the perturbative h µν ≪ 1 states, 18) where h µν satisfies the linearized Einstein's equation in the bulk with a Fefferman-
Graham expansion near the boundary of AdS
The geometry (3.18) is dual to CFT states that are perturbatively close to the vacuum with stress tensor T µν . Again we pick the region A to be a deformed half-space (3.4).
Now the second order RT functional is given by
where the indices a, b run over {z, y}. 4 The equations of motion are somewhat more involved now. However, it turns out that to linear order in h µν , and utilizing Einstein's equations, the solutions for δX ± (z, y) look exactly the same as the h −− case considered above. In particular, the δX ± (z, y) are again given by (3.7), (3.9), and (3.11).
Moreover, plugging these solutions into the action (3.20) , it is straightforward to check that (3.16)-(3.17) again hold.
Discussion
Thus far, we have derived (1.5)-(1.6) for both the nonperturbative h −− states (1.3) and the perturbative h µν states (1.4). We now discuss various lessons that can be drawn from these results.
QNEC saturation
Equation ( 
Bulk energy condition
It is known that strong subadditivity implies S od ( y 1 , y 2 ) ≤ 0 [1] . Thus, (3.17) immediately places an sign constraint on the integrated bulk stress tensor,
This is a new type of energy condition in the bulk where the null energy T bulk −− is averaged over the RT surface, which in this case is a d − 1 dimensional spacelike plane.
Null energy condition
Interestingly, for the h −− states, S od ( y 1 , y 2 ) ≤ 0 actually implies the null energy condition (NEC) on the boundary. To see this, we first rewrite (3.17) using Einstein's equation (3.2),
Note that unlike the diagonal piece S ′′ , S od depends on h −− on the entire extremal surface. However, the integral of S od is again determined solely by the boundary behavior of the metric. More precisely, we integrate the equation above with respect to y 2 and integrate by parts. This yields a boundary term at z = ǫ that can be evaluated using the Fefferman-Graham expansion (3.3) for h −− . The result is
This result, along with the non-positivity of S od , implies the boundary NEC for the h −− states,
Moreover, since we also have QNEC saturation S ′′ = 2π T −− , it follows that
Relative entropy and the first law
Our results demonstrate the interesting relation between bulk matter and boundary relative entropy [14, 19] . 5 Recall that the definition (2.5) of relative entropy is S(ρ||ρ 0 ) = ∆ K 0 − ∆S. A key fact is that for deformed half-spaces, there exists an explicit expression for the vacuum subtracted modular energy ∆ K 0 [22] (see also [23] [24] [25] ), given by
Expanding this expression in δx − ( y), it follows that
Then combining this with our results (1.5)-(1.6) for S, we immediately get that
so the part of relative entropy quadratic in δx − is
for both the h −− and perturbative h µν states we have considered.
Generically S(ρ||ρ 0 ) = 0, even for the perturbative h µν states. Because the first law [10] δS = δ K 0 must hold at first order in perturbations of the density matrix, this non-trivial relative entropy should appear at higher orders. 6 For the holographic states we are considering, we see from (3.28) that the relative entropy is intimately related to the bulk stress tensor. Therefore metric perturbations induced by the bulk stress tensor generally correspond to second order perturbations of the density matrix. This is also consistent with the fact that the first law implies linearized Einstein's equation without source [26] , while the bulk source only appears after the second order effects are taken into account [27] .
QNEC in d = 2
In 2d, the QNEC takes a somewhat different form [3] :
In this section, we investigate saturation of the QNEC in 2d holographic CFTs. Given a state in a holographic CFT, we show that the QNEC is saturated for any boundary interval whose corresponding RT surface goes across vacuum in the bulk. Then we show that if the RT surface passes through bulk matter, the QNEC is no longer saturated.
For states perturbatively close to empty AdS, the deviation is proportional to the bulk stress tensor. The QNEC then implies an energy condition for matter in the bulk.
Saturation in "vacuum-like" states
We provide a general argument for saturation of the QNEC in the absence of bulk matter. The result applies to a wide family of bulk states beyond the empty AdS.
In particular, we only require that the bulk stress tensor T bulk = 0 in a finite region containing the RT surface, which is a geodesic in AdS 3 . We also present two explicit examples, a microstate of the BTZ blackhole and a shockwave with source deep in the bulk.
This general argument is based on three simple facts. The first is that for a simply connected bulk region that does not contain matter, there exist an uniformizing transformation that trivializes the metric in this region. The second is that the quantity (S ′′ + 6 c S ′2 ) transforms exactly like the boundary holomorphic stress tensor in 2d [28] .
The third is that the QNEC is saturated in the vacuum for any interval. All these elements were understood in various contexts in the literature. We will present a unified treatment in this section.
Our primary tool is the following relation between the renormalized entanglement entropy and a 2-pt function of primary operators:
where ℓ = L L AdS is the renormalized geodesic length in units of the AdS scale. O is any scalar Virasoro primary with weight (h, h) satisfying c ≫ h ≫ 1. We use the subscript s to denotes the state. To derive this relation, we used the 2d version of the RyuTakayanagi formula [15] which relates S to the geodesic length S = L 4G
, the relation between the UV renormalized geodesic length and a 2-pf of a heavy scalar operator, 
It is straight-forward to show that the RHS of (4.1) is zero as well.
Next, we show that the LHS and the RHS of (4.1) transforms in the same way. 7 The renormalization procedure corresponds to regularizing the geodesic length by inserting a UV brane ǫ-away from the boundary and then subtracting divergent terms. This procedure does not affect S ′ .
Under a Virasoro transformation x − → w − (x − ), T −− transforms as:
where {w − , x − } is the Schwarzian derivative defined as:
Using the transformation of a primary operator
find that the RHS of (4.1) transforms in the exact same way:
Thus QNEC is saturated in any state that can be uniformized by a Virasoro transformation.
We will provide two explicit examples demonstrating this general principle: a shockwave with finite energy and a state generated by a heavy operator insertion, which may be dual to a deficit angle geometry or a micro-state of a BTZ blackhole in the bulk.
Shockwave with no bulk matter
We first consider a shockwave geometry with the bulk metric given by:
Note that there is no bulk source at finite z. This geometry can be understood as a limiting case of [18] where the bulk source generating the shockwave is sent to z → ∞.
The boundary stress tensor is:
To test whether the QNEC is saturated, we observe after the coordinate transformation
that the metric takes the form of the empty AdS metric in (w − , w + , u) coordinates.
We can compute the CFT 2-point function in the (x − , x + ) coordinate:
Plugging this into (4.2), we get precisely:
Thus the QNEC is saturated for a finite energy shockwave when the RT surface does not intersect any bulk source. This fact extends to finite-width shockwaves as well.
Blackhole microstates and deficit angles
We can also study the QNEC in states generated by a local operator insertions. We are particularly interested in a microstate of the BTZ blackhole generated by acting a heavy operators O H with h H ∼ c on the vacuum. To compute the expectation value in this state, we insert one O H at the origin and another at ∞. In this state, we have:
The Virasoro transformation that normalizes this state is corresponds to a heavy massive point particle generating an angle defect. In the large c limit, we have [30] :
Plugging into (4.2), we get precisely:
Thus the QNEC is saturated. Note the RT surface does not intersect the singularity.
Bulk matter and non-saturation
In this section, we demonstrate that in 2d CFT, the QNEC is not saturated if the RT geodesic passes through bulk matter. We show this by analyzing a smeared shockwave with small energy on an empty AdS 3 background. The corresponding metric is:
where h −− satisfies Einstein's equation in the bulk: 
Now, consider a spacelike interval on the boundary with end points: (x 18) where, S 0 is the entanglement entropy in empty AdS and the geodesic is parametrized by:
This allows us to evaluate the right hand side of (4.1) in the linear order in h −− : 20) where, S 1 is the O(h) term of (4.18). In the last equation, the zeroth order terms drop out because as discussed in the last section, in empty AdS, entanglement entropy saturates the QNEC. We now take the derivates of equation (4.18) and after some manipulation we obtain
where, now
. 
We can rewrite the above equation in a more transparent way by using Einstein's equation 24) where, T bulk −− is the bulk stress tensor. We have checked that this equation agrees with direct computations of both sides in a perturbative planer shockwave state.
Bulk matter and non-saturation of the QNEC In (4.24) it is obvious that the QNEC is saturated when T bulk −− vanishes along the geodesic. But in general this is not true. For example, for a shockwave state generated by a null source in the bulk, the QNEC is not saturated when the interval is chosen such that the RT surface intersects with the trajectory of the bulk source. Although the RHS of (4.1) does transform like the stress tensor under Virasoro transformations, we have to conclude that in 2d, the holomorphic stress tensor T is not given by the derivatives of the entanglement entropy.
This feature can be understood from kinematics. Intuitively, AdS 3 /CF T 2 is different from higher dimensional cases because the RT surface is 1-dimensional, so there is not enough room for the effect of the bulk matter to diffuse on the RT surface.
More specifically, it is generically possible to change bulk matter configurations, and hence the area of the RT surface, without changing T −− on the boundary. Familiar examples include stars and Schwarzschild blackhole with the same mass, as well as shockwaves generated by a null bulk matter geodesic hovering at different depths.
Given that the QNEC is saturated in the vacuum, extra contributions from bulk matter have the potential to make it not saturated.
In higher dimensions, we already know that this does not happen. The reason is easy to understand: only the δ-function term in (1.2) is relevant to the higher dimensional QNEC. But in a local gravitational theory, the effect of matter in the bulk will be diffused from the boundary point of view and may not lead to such a local term. So bulk matter is expected to contribute only to S od . This is explicitly the case in our results (1.5) and (1.6).
In 2d, bulk matter will still contribute to S. But since the entangling cut on the boundary is zero dimensional, there is no longer the difference between S ′′ and S od .
Therefore QNEC is generically not saturated.
Bulk energy conditions
For the QNEC to be satisfied, the bulk source term in (4.24) must have the correct sign. This imposes new energy conditions on admissible bulk matter:
Note that this inequality is not symmetric in x 1 and x 2 because we applied the QNEC at the point x 2 . However, there is nothing special about the point x 2 and we could apply the QNEC at point x 1 . That would lead to another inequality exactly like (4.25) but with x 1 and x 2 exchanged. Note that although apparently similar, (4.25) is different from the class of energy conditions proved in [11, 12] using strong subadditivity. In particular the result of [11, 12] is symmetric in exchanging the end points and constrains integrals of the null energy pointing to a spatial direction orthogonal to ours. This bulk energy condition (4.25) is weaker than the null energy condition, however, stronger than the averaged null energy condition
In particular, if we send the end points to ±∞ then we recover the bulk ANEC. To take this limit, we first assume x . We then multiply both sides of (4.25) by A. Finally we take A → ∞. The corresponding geodesic is a null line on the − direction hovering at a fixed z determined by η.
Summary and future directions
In this work we investigated the QNEC with explicit computations in holographic
CFTs. We find that in d ≥ 3, nonperturbative smeared shockwave states as well as all states perturbatively close to the vacuum saturate the QNEC when the region is chosen to be a half space. In d = 2, we find that the QNEC is saturated as long as the associated bulk RT surface does not intersect with T bulk −− . Otherwise it is in general not saturated.
In d ≥ 3, we worked out the off-diagonal piece of the second null derivative of the entanglement entropy. We demonstrate that this quantity is directly related to T bulk −− . Strong subadditivity fixes the sign of this piece and leads to new bulk energy conditions.
Our result provides an explicit check for JLMS [14] . We also discussed the relation between bulk matter and boundary relative entropy. In d = 2, our results together with the QNEC leads to new energy conditions that reduce to the bulk ANEC in a particular limit. In future work, it would be interesting to elucidate the relation between the gap to saturation and the boundary relative entropy and strong subadditivity.
It would also be interesting to ask whether QNEC saturation holds in more general quantum field theories. For theories in d ≥ 3, the techniques developed in [4] would be useful. In d = 2, it might be useful to replace the operators in (4.2) by twist operators (and the log by the standard procedure of taking n → 1 in the replica trick).
It would also be very interesting to understand the role of bulk matter in AdS/CFT.
In particular, we have shown that bulk matter plays an important part in the off- It would be extremely interesting if one can, under some assumptions, invert the corresponding formula (1.6) or (1.8) explicitly with, e.g., the inverse Radon transform.
Along the lines of [19] this would express T bulk −− directly as a function of boundary variables such as S EE and the stress tensor.
Another interesting direction is to use the boundary QNEC to prove (4.25), or the bulk ANEC (4.26) for more general states or more general holographic theories.
